ABSTRACT: A multiaxial loading on a laminate, combined with numerical optimization is utilized to determine the five elastic constants for a transversely isotropic composite material in this study. A special in-plane loader, capable of any combination of in-plane displacements plus a rotation is utilized for the testing portion. A corresponding finite element analysis model is created and numerical optimization is utilized to obtain the optimum engineering elastic constants. By utilizing only one test specimen geometry, the resources for determining the constitutive properties can be significantly reduced in terms of time and money, and more precise properties over a wider loading range are gained with this procedure.
INTRODUCTION

Background M
ICROMECHANICS PREDICTIONS TO determine the elastic constants for continuous fiber composites are readily available, and have been the topic of past research [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . These are adequate for order of magnitude type of micromechanics predictions, but the problem is complicated by the fiber-matrix interphase, local fiber-matrix architectures, manufacturing techniques, cure cycles, etc. Hence, designers often have to rely on an expensive and labor-intensive series of uniaxial testing even for small perturbations in the materials manufacturing and processing.
Furthermore, composite materials are being utilized for low cost, yet structurally demanding applications [17] [18] [19] [20] . These demands are not dissimilar from current high-cost aerospace applications, but the final part development and production costs are typically an order of magnitude less. A need exists to determine the constitutive properties in a consistent and cost-efficient manner. Unidirectional tests can yield these constants, but each configuration and testing methodology has limitations [21] . Determining in situ material constitutive properties is attractive, since it combines the materials/ manufacturing/structural performance hierarchy. A refinement of stand-alone micromechanics estimation of constitutive properties is needed to accomplish this goal.
In this study, the refinement consists of a combined empirical/analytical approach wherein initial estimates for the elastic properties are made from available micromechanics models and experience from testing, and refined by finding the optimized properties between experiment and theory.
Theory
This study is based on elasticity theory and focuses upon composite materials. A key concept is that the micromechanical estimation of the engineering constants of a composite must agree with the experimental data, thus, leading to an approach of determining more accurate engineering constants by means of a combined empirical and numerical analysis technique.
MACROMECHANICAL APPROACH
The composite material selected for this research is the unidirectional D155 fabric made by Owens Corning Fiberglass [22] . The D155 composite plies have directions of 0, þ45, 90, and À45
, which are symmetric about the midplane. The layup is [0/þ45/90/À45] s . The properties of this composite material are referred to as transversely isotropic with respect to the material principle plane 2-3, which is illustrated in Figure 1 .
Note that the planes are denoted by 1, 2, and 3 in the local coordinate system in Figure 1 . These are distinguished from x, y, and z global or structural axes. The stiffness of the composite material can be expressed by Equation (1) . However, the local material direction of the composite does not coincide with coordinate directions that are geometrically natural to the solution of the problem. A coordinate transformation is required to rotate these into the x, y, and z global axes. The stiffness after rotation can be expressed in indicial notation by Equation (2) .
where C i 0 j 0 k 0 l 0 is the constitutive stiffness tensor in the rotated coordinate system and a ij are the direction cosines between the global and material coordinate systems.
MICROMECHANICAL APPROACH
The lamina properties of the composite material can be predicted by the procedures of micromechanics. The micromechanical approaches used here is to determine the stiffness or compliance of a composite material in terms of the elastic moduli of the constituent materials [2] . The stiffness can be expressed by Equation (3) .
where E f and E m are the Young's moduli of the fiber and matrix, respectively; V f and V m are the fraction of fiber and matrix volumes, respectively; f and m are the Poisson's ratios of the fiber and matrix, respectively. This is for the assumption of an isotropic fiber and matrix. Nonisotropic fibers or matrices require additional elastic properties for accurate micromechanics predictions. Bounds on the elastic properties can be established by potential energy and complementary energy principles [23] .
The following five elastic properties are needed for a transversely isotropic material (2-3 isotropy): 12 , G 12 , and G 23 :
where E i are the Young's moduli in the material principal axis, 12 is the in-plane Poisson's ratio in the material principal axis, and G ij are the shear moduli in the material principal axis.
For initial estimates of these constants, the rule of mixtures is used for the fiberdominated E 1 and 12 [2] , and the Halpin-Tsai equations [2, 8, 24] are used for the matrixdominated E 2 , G 12 , and G 23 .
An initial, order of magnitude prediction of elastic moduli can be obtained by the above equations. For a nonisotropic fiber or matrix, the appropriate moduli and Poisson's ratios can be substituted.
AGREEMENT BETWEEN MICROMECHANICAL AND MACROMECHANICAL ANALYSIS
The estimation of the composite properties based on micromechanical approach should agree with the macroscopic properties within some acceptable tolerance. The actual experimental work is a good criterion to determine the validity of the assumptions and accuracy of the predictions. The micromechanical estimation cannot be valid until it agrees with the corresponding experimental data within some acceptable value.
EXPERIMENTAL METHODS AND RESULTS
The experimental data acquired by mechanical testing compared to a finite element model (FEM) is the norm that verifies the feasibility and accuracy of numerical estimates of the engineering constants. The following section is a description of the test specimen selection, preparation of test samples, and mechanical testing.
Fabrication Procedure
As described above, the composite designed for this research is a multi-direction composite with the layer layup of [0/þ45/90/À45] s . Test repeatability requires a consistent quality composite with sufficient size. To minimize the effects of minor flaws, the fabrication process must be suitable for manufacturing a relatively large composite laminate.
A modified resin transfer molding (RTM) method is an appropriate fabrication process to produce the desired composite for this project [25] . This method uses a two-stage injection process. The first stage injects resin into a vacuum evacuated 'pool' outside of the plane of the fabric. Pressure is then applied outside of a flexible film, forcing resin into the fabric in the thickness direction. Resin is not required to flow in the plane of the fabric, thus reducing the dependency on in-plane resin flow, making relatively high volumetric flow rates possible during the injection stage. The remaining procedures of the partial injection RTM process are similar to the typical RTM process.
Preparation of the Coupons
Geometry is one of the most important factors in the behavior of a structural composite. Upon applying loads, different coupon geometries lead to different reaction forces and displacements at specific points. A notched configuration was selected for the coupons in this project.
In-plane Loader Machine
The in-plane loader (IPL) is a testing machine capable of providing any combination of in-plane loads on a sample. This machine is able to simultaneously load a sample in tension or compression, shear, or bending. Some possible loading configurations are illustrated in Figure 2 .
The IPL machine is shown in Figure 3 . The structure of this machine is relatively simple and compact. The machine is capable of applying all of the displacements in Figure 2 independently, and in combinations. Note that the actuators are non-orthogonal.
This configuration results in unique combinations of actuator displacements, even though the control kinematics is complicated and nonlinear.
The notched coupons were fixed on the grips by clamping during the test. The computer system instructs the linear actuators to move and the grips move accordingly until the designed loading paths (displacements) are accomplished.
The Loads
Four loading paths designed for notched coupons in this research were used, which were axial (open/close), shear þ axial (sliding þ open/close), moment (rotation), and axial þ shear þ moment þ (open/close þ sliding þ rotation), respectively.
NUMERICAL METHODS
Finite Element Analysis
The purpose of using the FEM model is to simulate the experimental situation, thus obtaining the corresponding modeling results. ANSYS [8] was used to create FEM. The layup was created as shown in Figure 4 . The geometry and dimensions are illustrated in Figure 5 .
The corresponding specific point was determined in the FEA model, which is illustrated in Figure 6 .
Bounding Techniques
The elasticity method is another approach to predict the composite stiffness. Variational energy principles of classical elasticity theory are used to determine upper and lower bounds of the engineering constants of composites. The upper and lower bound of the moduli can be expressed by Equations (4)- (8) [2] .
State assumptions for each equation where E i are Young's moduli (fiber is indicated by f; and matrix indicated by m); V i are volume fractions of a given material (fiber or matrix); i are Poisson's ratios; and G i or G ij are shear moduli.
Equations (4) and (7) are relatively accurate for prediction of the ply material constants. Hence, the lower and upper bounds were established by assuming that they are accurate to within AE10%. The bounds in Equations (6) and (8) are based on potential energy and complementary energy ('springs in parallel' or 'springs in series') principles. (It should be noted that most matrix-dominated stiffness properties are typically analogous to 'springs in series.')
Optimization
Because of the inaccurate estimation of the engineering constants E 1 , E 2 , 12 , G 12 , G 23 , there exists a discrepancy between the modeling results and the experimental results. An optimization scheme needs to be carried out to find the optimum engineering constants, thus determining the constitutive law of the composite. This is a nonlinear constraint optimization problem, and the objective of this optimization problem is to minimize the discrepancy between modeling and experimental results. The objective function can be expressed as Equation (9) .
where ðF r n , r n Þ Computer and ðF r n , r n Þ Experiment are the numerical and experimental results of response force and displacement, respectively, and e is the difference or error between them.
Five engineering constants E 1 , E 2 , 12 , G 12 , and G 23 are design variables in this optimization problem.
The ANSYS system has incorporated several methods and tools to accommodate a wide range of optimization problems [26] . Available schemes within ANSYS were employed for the optimization of Equation (9) . Because this optimization is a nonlinear, continuous constraints problem, two methods: the subdomain approximate method and the firstorder method were selected to find the optimum engineering constants in this study (references of subdomain and first-order methods [27, 28] ). The upper and lower bounds obtained in the previous section are the constraints.
In the subdomain approximate method, the objective function was replaced with the approximation by least squares fitting, and then, the constrained problem was converted to an unconstrained minimization problem by a penalty function [26] [27] [28] . The trust region search was used to reach the optimum. For the first-order method, the derivative of the objective function was developed, then, the constrained optimization was still converted to an unconstrained minimization problem by a penalty function. Various steepest descent searches and conjugate direction search were employed to determine the optimum values [26] [27] [28] .
EXPERIMENTAL RESULTS, NUMERICAL RESULTS, AND OPTIMIZATION
The experimental data from the IPL and the FEM modeling results are presented in this section. Optimization to minimize the error in Equation (9) between the experimental data and the modeling results was carried out. The simple axial load case is elaborated upon to illustrate the procedure, including experimental data analysis, numerical data analysis, and optimization. The results of the remaining test cases, such as moment, axial plus shear, and axial plus shear plus moment are also shown.
Experimental Results and Data Analysis of Simple Axial Test Case
THE EXPERIMENTAL RESULTS OF THE PURE AXIAL (Y, V DISPLACEMENT) TEST
The reaction force via applied v displacements (Figure 2 ) is illustrated in Figure 7 , and the corresponding FEM model is shown in Figure 8 . The reaction load is not unidirectional for a unidirectional test because of the specimen asymmetry shown in Figure 8 .
The experimental data have some machine backlash involved. Hence, a consistent secant data region was selected, since only the linear elasticity of the composite was determined in this study. The selected data with linear characteristics are demonstrated in Figure 9 (a) and (b).
The FEM modeling results and experimental data are illustrated in Figure 10 . It is realized that the FEM axial results from the modeling with the input of initial engineering constants are close to the experimental data, yet the FEM shear results do not fit the experimental data well because of errors in the grip modeling and potential grip slippage in shear during the test.
Finite element model is a numerical method used to simulate the experimental conditions, and the results from this study need the experiment data for accuracy. Hence, the results are approximate rather than the exact ones. However, it is a very efficient way to predict the material behaviors upon the loads. To check and examine the accuracy of FEM modeling, standard engineering constants, taken from the DOE/MSU composite database were used as the input [21] . The results fit the experimental data better. 
E-data and FEM model results (axial loads)
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GRIP MODELING
Because grip modeling is one of the major factors that affects the FEM results and optimization results, a practical grip model was developed to eliminate some errors. In an ideal condition, the FEM model result should match the experimental data. FEM modeling results depend on the initial engineering constants, the geometry, and the applied loads. The geometry and applied loads have been determined. Under this circumstance, if the standard composite properties are input into the program, the results should agree with the experimental data. However, there is still a discrepancy between the two sets of results. Improper simulation of grip modeling creates a difference between experimental and FEM modeling results. The FEM model was modified to make its results agree with the experimental ones by changing the contact element parameters. After going through several iterations, the specific contact element parameters were determined, which made the FEM modeling result consistent with the experimental ones [26] . The parameter settings of grip modeling are shown in Table 1 .
OPTIMIZATION SETTINGS
Before carrying out the optimization, it is necessary to set the optimization parameters, which are illustrated in Tables 2 and 3 . 12 0.29 Shear modulus associated with the 1-2 plane, G 12 .
2.021 Â 10 9 Pa Shear modulus associated with the 2-3 plane, G 23 .
3.25 Â 10 9 Pa Table 3 . The upper and lower bounds of the design variables (Equations (4)- (8)).
Engineering constants Lower and upper bounds
Longitudinal modulus, E 1 29:119 GPa < E 1 < 35:589 GPa Transverse modulus, E 2 5:338 GPa < E 2 < 9:659 GPa The major Poisson's ratio, 12 0:261 < 12 < 0:319 Shear modulus associated with the 1-2 plane, G 12 1:61 GPa < G 12 < 5:5 GPa Shear modulus associated with the 2-3 plane, G 23 2:053 GPa < G 23 < 5:5 GPa The optimization results by the two methods are plotted and illustrated in Figure 11 .
Axial Plus Shear Loads Case
The experimental and modeling results are demonstrated in Figures 12 and 13 . The results in Figure 12 are accurate, but there is a datum shift in Figure 13 , presumably the result of grip slippage in the shear direction. It should be noted however, that the slopes in Figure 13 are relatively close.
Plot axial results with the optimums (shear loads)
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Applied displacement (m) Reaction tensile force (kg)
Experimental axial results
Optimized FEM modeling axial results (first order) Optimized FEM modeling axial results (subdomain) Figure 11 . Plot of the reaction axial force with the optimum engineering constants.
PURE MOMENT CASE
The experimental and modeling results with the optimum fits are illustrated in Figures 14  and 15 .
Again, there is a datum shift in Figure 15 for the shear forces and displacements, but the slopes are close. 
COMBINED AXIAL, SHEAR, AND ROTATION CASE
The experimental and modeling results with the optimum engineering elastic constants of Equations (4)- (8) are shown in Figure 16 .
The axial force results are in good agreement with the experimental data. The FEM predictions with initial data and the subdomain optimization results are in good agreement, but are discrepant with the shear force experimental data. The discrepant shear forces are probably due to slippage, and need to be resolved to determine strength data with the IPL.
DISCUSSION
The results from the IPL tests and FEM modeling are summarized in Table 4 and the optimum engineering constants are compared with the standard values, taken from the DOE/MSU composite database [21] . These standard values are determined from separate, unidirectional test coupons over a wide variety of loading configurations.
Comparing the optimum engineering constants to the standard and predicted engineering constants in Table 4 , the optimum values are close to the baseline values. This indicates that this methodology for determining the constitutive law of the composite is feasible and practical. Furthermore, even though there were some discrepancies between the experimental measurements and predictions, especially for shear, this method is robust. The robustness is due to the fact that the laminate is subjected to a wide variety of loading states experimentally, providing a large dataset for the optimization.
In cases where the initial values are not close to the predicted optimum properties, practical bounding methodologies can be utilized. For example, the matrix-dominated properties are most like 'springs in series.' A simple micromechanics model with bounds at some established range from this value could be utilized.
Two methods were selected to carry out optimization in this project, the subproblem approximation method and the first-order gradient method [26] [27] [28] . The comparison of these methods in terms of time, iteration, and accuracy are shown in Table 5 . One of the reasons to select two methods is to obtain a reference, which provides the comparison. This comparison helps to identify the global or local optimums.
It is indicated that the first-order gradient method provides a more accurate optimization result than the subproblem method. However, for each iteration, the firstorder method takes much longer time than the subdomain method; at least 4 or 5 times longer than the subproblem method.
Compared with conventional methods for finding material properties, which can require hundreds or thousands of tedious, labor-intensive experiments, this methodology is very simple. Only 10 simple experiments on the same geometry with the same machine were required. These tests were performed on the IPL, which is a highly automated machine. The comparison between this methodology and other conventional methods are illustrated in Table 6 .
The IPL can apply the loads for the selected load cases, via computer control. Therefore, no additional care or setup is required as in the case of multiple, inconsistent unidirectional tests in a conventional materials characterization methodology. It is automated to provide the industrialized approach required for materials characterization. Conducting one single experiment on the IPL takes only a few minutes, including loading and clamping the coupons and it requires only a few tests. Hence, this methodology provides an opportunity to find the material properties in a short time.
CONCLUSIONS
A simple, robust method for determining the in situ elastic constants of a laminate has been presented and discussed. The method utilizes a simple coupon geometry with multiple loading paths. Optimizing the properties with initial values is in acceptable agreement with a database that required more extensive and expensive testing. This automated, hybrid experimental/analytical methodology has the promise to significantly reduce the number and types of tests required to develop the constitutive response of composite materials over a large multiaxial stress and strain space.
FUTURE WORK
For this project, optimization was constrained to linear elastic behavior. In addition, the selected composite was deemed a transversely isotropic material. This assumption leads to the reduction of the engineering constants to be determined. In this case, five engineering constants were determined rather more required for more anisotropic materials. A truly orthotropic material should be tested to extend the results.
The problem of shear slippage in the grips during axial loading should be minimized or eliminated. Even though the optimized results were good compared to a comprehensive database, this will improve accuracy.
The next step of this research would be the study of composite nonlinear behavior. At relatively low extensional strains (" ffi0.005), the lamina has fiber-matrix splitting and the equivalent constitutive response is nonlinear. The IPL machine that combined the optimization schemes explored here can be a significant advancement for determining the combined materials/manufacturing/structural performance hierarchy necessary for cost-efficient composite materials characterization.
